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Particles P and Q move in a plane with constant velocities. At time ¢ = 0 the position vectors
of P and Q, relative to a fixed point O in the plane, are (16i — 12j) m and —5i + 4j) m
respectively. The velocity of P is (i + 2j) m s and the velocity of Q is (2i +j) m s\

Find the shortest distance between P and Q in the subsequent motion.

(7

. When a woman walks due North at a constant speed of 4 km h™!, the wind appears to be
blowing from due East. When she runs due South at a constant speed of 8 km h™!, the speed
of the wind appears to be 20 km h™!.

Assuming that the velocity of the wind relative to the earth is constant, find

(1) the speed of the wind,

(i1) the direction from which the wind is blowing.

(6)

Figure 1

Two smooth uniform spheres 4 and B with equal radii have masses m and 2m respectively.
The spheres are moving in opposite directions on a smooth horizontal surface and collide
obliquely. Immediately before the collision, 4 has speed 3u with its direction of motion at an
angle @ to the line of centres, and B has speed u with its direction of motion at an angle € to
the line of centres, as shown in Figure 1. The coefficient of restitution between the spheres
is .

Immediately after the collision, the speed of A4 is twice the speed of B.

Find the size of the angle 6.
(12)

P44840A 2



A car of mass 900 kg is moving along a straight horizontal road with the engine of the car
working at a constant rate of 22.5 kW. At time ¢ seconds, the speed of the car is vms!
(0 <v < 30) and the total resistance to the motion of the car has magnitude 25v newtons.

(a) Show that when the speed of the car is v m s7!, the acceleration of the car is

900 —v* L
———ms™
36v
(©))
The time taken for the car to accelerate from 10 m s™! to 20 m s! is 7" seconds.
(b) Show that
T=18In §
5
6))
(c¢) Find the distance travelled by the car as it accelerates from 10 m s™! to 20 m s7!.
()
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Figure 2
A particle P of mass 1.5 kg is attached to the midpoint of a light elastic spring AB, of natural
length 2 m and modulus of elasticity 12 N. The end A4 of the spring is attached to a fixed point
on a smooth horizontal floor. The end B is held at a point on the floor where AB = 6 m.
At time ¢ = 0, P is at rest on the floor at the point O, where 40 = 3m, as shown in Figure 2.

The end B is now moved along the floor in such a way that AOB remains a straight line and at
time ¢ seconds, ¢ > 0,

AB = (6+isin2t} m.

At time 7 seconds, AP = (3+ x) m.

(a) Show that, for >0,

2
d—f + 16x =2 sin 2¢.
dt
3)
The general solution of this differential equation is
. |
x=Ccos4t+ D sin4t+ g sin 27,
where C and D are constants.
(b) Find the time at which P first comes to instantaneous rest.
3)
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Figure 3

A smooth wire, with ends 4 and B, is in the shape of a semicircle of radius 7. The line 4B is
horizontal and the midpoint of 4B is O. The wire is fixed in a vertical plane. A small ring R of
mass 2m is threaded on the wire and is attached to two light inextensible strings. One string
passes through a small smooth ring fixed at 4 and is attached to a particle of mass V6m. The
other string passes through a small smooth ring fixed at B and is attached to a second particle
of mass \6m. The particles hang freely under gravity, as shown in Figure 3. The angle

between the radius OR and the downward vertical is 26, where —% <@ < Z.

(a) Show that the potential energy of the system is

2mgr (23 cos 6 — cos 26) + constant.

(6)
(b) Find the values of @ for which the system is in equilibrium.

“)
(¢) Determine the stability of the position of equilibrium for which 6 > 0.

©))
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Figure 4

Figure 4 represents the plan view of part of a smooth horizontal floor, where AB and BC are
smooth vertical walls. The angle between AB and BC is 120°. A ball is projected along the
floor towards 4B with speed u m s! on a path at an angle of 60° to AB. The ball hits 4B and
then hits BC. The ball is modelled as a particle. The coefficient of restitution between the ball
and each wall is 1.

(a) Show that the speed of the ball immediately after it has hit AB is g u.
(6)
The speed of the ball immediately after it has hit BC is w m s!.

(b) Find w in terms of u.

(7

TOTAL FOR PAPER: 75 MARKS
END
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6680 Mechanics 4
Mark Scheme
?\Ilil?rslggr Scheme Marks Notes
Find position vector of one particle relative to
the other .
1 r—To M1 16 +¢ —5+2¢
rP = , rQ —
=12+2¢ 4+t
21—¢ AL Accept +/-
16+
d?*=(21—1)" +(-16+1)° M1 | Pythagoras

d

Differentiate & or 4% wrt ¢

3¢ = 2(21-1)+2(-16+1) (= T4+ 41) M1
Set derivative = 0 and solve for ¢
Min when 7 =18.5(s) Al
Relative position @Z] distance M(m) M1 Substitute their 1o find 4
= \/2;5 =3.54 (m) Al
[7]

See over for alternatives.




Question

Scheme Marks Notes
Number
altl r,—r, M1 Position of P relative to Q
21—¢ Accept +/-
= Al
-16+¢
d? = (21-1)" +(-16+1)’ (: 21 _ T4t + 697) M1 Use Pythagoras to express d? as a quadratic in ¢
M1 Complete the square
2(1-18.5)" (~684.5+697) Al | Correctas far as 2(¢—18.5)" +....
. Use completed square to find minimum value
2 e —
Min 4" =697-684.5 M1 for their expression
Min. d =+/697 —684.5 = 12.5 Al
alt? r,—r, M1 Position of P relative to Q
21—t AL Accept +/-
| -16+1¢
. . -1
Relative velocity [ 1 ] M1
(21—t (-1 Set scalar product of relative position and
A ear 1 )T —(21-1)+(-16+1)=0, M1 | relative velocity = 0 and solve for .
t=18.5(s) Al
2.5 Substitute their ¢ to find d
Relative position (2 5), distance v/2.5% +2.5% (m) M1
= /% =3.54 (m) Al

See over for alternative




Question Scheme Marks Notes
Number
alt 3 r.—r, M1 Initial position of P relative to O
21 Accept +/-
= Al
-16
. . -1
Relative velocity { 1 j M1
M1 Use scalar product to find cos &
=37 Accept +/-
c0sfd =—— (-0.998.... Al
NG )
d = PQsin@ M1 Use trig to find distance
2
=+/697 x,[1— 37 =iz3.54 Al
2x697 /2
[7]
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Question

Scheme Marks Notes
Number
2
Bl Either triangle of velocities
8
20 M1 Two triangles combined using their common
velocity
4
4 w
L Al Correct diagram seen or implied
Correct method to obtain one of v, w, 8 DM1 (v=16,w=16.5,0 = 76. )
Dependent on the previous M1
speed is 16.5( km h) Al 417
Direction S76°E or equivalent Al 104° or equivalent
[6]
Alt Velocity of wind = w
w=—vi+4j B1 one correct equation
w = ai +bj—8j a® +b% =400 M1 2" equation and compare coefficients
coeff j: 4=bH-8 b=12 Al 2 correct eqns
i: —-v=a
a*+144=400 = a=-16 (v>0) DM1 | Dependent on the previous M1
W] =42 +16% = 4J17 Al
Bearing 104° Al or equivalent
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Question

Scheme Marks Notes
Number
3
ucose
3using
using
3ucosf
After collision usiné@ and
Bl 3usin @ perpendicular to / of ¢
Seen or implied
3using
Requires all four terms but condone sign errors
CLM : r+2s=3uc0s0—2ucosd(=ucosh) M1 and consistent sin/cos confusion..
Must be dimensionally consistent
Al Correct unsimplified equation
. 1C0S 6 Must be the right way round, but condone sign
Impact: s —r =ex4ucoso| = M1 | errors and consistent sin/cos confusion
Al Correct unsimplified equation. Signs consistent
with CLM equation.
Solve the simultaneous equations to find the
ucosé . .
=r=0s= DM1 | horizontal components of velocities.
2 Dependent on the two preceding M marks
Al Both correct
After the collision: (3usin @)’ + % = 4((usin 0)’ +s2) M1 Use v, =2v, . Condone 2 in place of 4.
Alft | Correct unsimplified equation (in » and s)
2
9u’sin® @ = 4u’ sin? 6'+4.”Tcos2 0 Al Obtain an equation in @ (correct only)
2, 1 3 o : Solve for 4.
tan® 6 =% 6 =24.1(°) (0.421 radians) DM1 Dependent on the previous M1
Al Correct to 3 sf or better
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Question

Scheme Marks Notes
Number
3alt For those who prefer everything with trig:
v,Sina =3usin® , vysin f=usinéd B1 Perpendicular to the l.o.c.
m.3u C0S 6 — 2m.u cos @ = mv , COS & + 2mv, COS B M1 CLM
(ucos@=v,cosa+2v,cos j) Al
I I
%x(3u0036’+u003(9):vBCOS,B—vA cosa M1 mpact faw
(%cosﬁzvgcosﬂ—vAcosaj Al
. imult ti
2 cosg = v;c0s B, 0=v,cosa(=sina=1) DM1 Simultaneous equations
2
Al
v,Sina=v, =2v, =3usiné M1 Use v, =2v, tofind g
. . 3usiné . . . .
vysin f=using = sin f=usiné Al Equation without v+ and vs
. 2
sinf=— Al
p 3
2v, =3usingd & %cosezvg cos S Solve for 6
M1
:>6tan9=i =2><i
cos J5
1 .
tand=—, 6=24.1(°) (0.421 radians Al
NG (°) ( )
[12]
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Question

Scheme Marks Notes
Number
43 Equation of motion: 9004 = 22500 o5, M1 Requires all three terms. Condone sign errors
v
Al Correct unsimplified equation
22500 Al Obtain **Given answer** with no errors seen
_25V 900 2
a= v = d
900 36v 3]
2 Differential equation in v and ¢
b dv _900—v B1 q v
dt 36v
36v B Separate & integrate to obtain a solution
-[900—\/2 dv = Jldt’ M1 involving a log. function
t=-18In(900-+*)(+C) Al
8 Use limits correctly
T =-18In500+18In800=181In 3 DM1 Dependent on previous M1
Al Obtain **Given answer** with no errors seen
[5]
900 — 2 dv Differential equation in v and x
4c =y— Bl
36v dx
Separate variables
J d >dv = J.idx M1 P
900—v 36
:J' 900 —_1dv = '[900( 1 n 1 j_ldv M1 Split to the form ~+ Band integrate
900 —v? 60 \30—v 30+v -V
30+v b
15In|——-v=—(+C Al
‘30—1} v=35(*C)
Use limits and solve for
15|n(5_0x§j—(20—1o)=i M1 }
10 40 36
x =135 (m) (540In2.5-360) Al Accept exact answer of the form alnb—c¢
[6]
(14)
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Question

Scheme Marks Notes
Number
3m 3m
! . 4 Extension in AP : 2+x,
5a d ° n o 1.
Extension in BP: 3+=sin2t—-x-1
3+x 1 4
6+Zsin2t-3-x
12(2
I = # Bl Force towards 4
1.
T, =12(2+Zsm 2t—xj Bl Force towards B
d?x Form equation of motion of P. Requires
15— =T, —T,(=3sin 2/ - 24x) M1 derivative and both tensions, but condone sign
dr errors. Allow with a for ¥
Al Correct equation in x and ¢
d?x ) Obtain ***given answer*** with no errors
— +16x =2sin2¢ Al seen
dz '
[5]
5b t=0,x=0 =C=0 Bl
t=O,x=0=(—4CSin4t)+4DCOS4t+1C082t M1 o o :
3 SR: M1Al is available if C is not found or C'is
1 incorrect.
= Al
12
x =0= c0s4t =Ccos2¢ M1 At rest: set their x=0
2c0s’ 2t —1=c0s 2t
1 27 7 1 (1
cos2t=1,-= 2t=—, t=— (1.05 Al Not —cos ™| — |?
R =(3)
[5]
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Question

Scheme Marks Notes
Number

6a

Jm

GPE of the ring: —2mgr cos 20 Bl Allow with +2kmgr

GPE of suspended particles: _ngg(Ll ~a)- J6mg (L,-b) M1 Expression of the correct structure involving
their L1, L2, a and b

. 2r . Al Correct expression for BR in terms of » and &
a = 2rsin(45—6) =—(cos&—sin4) _ _
V2 Any equivalent e.g. r,/2(1-sin26)
b 2r005(45_9) =E(c030+sin9) Al Correct e-xpressmn for AR in tferms of » and 6
V2 Any equivalent e.g. r/2(1+sin26)
GPE of system: DM1 | Add the three components.
_ngg(Ll ~a) _ngg(Lz —~b)~2mgr cos 20 Dependent on the previous M
=2 x%cos 0 x6mg — 2mgr cos 26 + constant
:2mgr(2\/§COSH—COS 29)+ constant Al Simplify to the given answer
[6]
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Question

Scheme Marks Notes
Number
6b 3_1; N mgrsin 0+ dmgrsin 20 M1 Differentiate
In equilibrium: 3—g=0=4mgrsin0(—\/§+2cose) M1 Set (;—Z:O and solve for &
Al
@ =+cos™ ﬁ = J_rﬁ(z +0.52)
2 6
or =0 Bl
[4]
6c 2 M1 Second derivative - needs to be the full
d Z = —4/3mgrcos 0 +8mgr (cos’ 0 —sin’ 0) expression,
4 3o (31 DM1 itute 0 =~
d—azzmgr(—4\/§x7+8(z_zjjz_zmgr<0 Substitute @ = 5 |
Dependent on the previous M1
So equilibrium is unstable Al No errors seen
[3]
(13)

Accept equivalent methods for determining max/min.
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Question

Scheme Marks Notes
Number

7a Resolve parallel to barrier - condone sin/cos confusion M1 c
uco0s60 =vcosé Al
Resolve perpendicular to the barrier - condone consistent M1
sin/cos confusion. Use e correctly g
eusin60 = vsin@ Al | = f

. w? 3 T .
v? =u’ cos’® 60+e2uzsm26O=I+E=E M1 Eliminate € and solve for v.
J7 Obtain given answer correctly with no errors
v=—-omu Al seen
4
[6]
7b Angle of approach with BC = 19.1° Bl
Components parallel to BC
v€0$19.1=wcos ¢ M1 condone sin/cos confusion
1 Components perpendicular to BC
—vsinl19.1=wsin¢g M1 condone consistent sin/cos confusion
2 Use e correctly
Al Equations correct for their 19.1

Form equation in v and ¢ M1 Square and add or divide to find tan¢
w? =17 Gsinzlg.ucoszlg.lj Al (¢=983°)
0.634u Al
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Question

Number Scheme Marks Notes
Thalt tan<9=%tan60 B1
NN
1 1 2 3
tano ==tan(60—0) |== —S— =70 M1
2 2 1+\/§_§\/§ 10
Al
vcos(60—6)=wcosa M1
12 3.3 10 ( 5 j
) [P A ) PP PV M1
207 27 Jios\ 27
Al
w= 103v=£.ﬂu= 103u (0.634u) Al
M7 47T 4 16
[7]
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